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1. Introduction 

In the matrix model of M ttieory ttiere are a number of problems in which one 
must study supersymmetric theories with eight supercharges that can arise by dimen- 
sional reduction from six dimensions. Such problems include M theory with longitudinal 
fivebranes or in the presence of an ALE singularity 0J^]. To study these problems in 
uncompactified M theory, one must consider the dimensional reduction to + 1 dimensions 
of a six-dimensional theory with vector and hypermultiplets. 

Alternatively, instead of studying fivebranes or an ALE singularity in M theory, one 
can compactify on a circle and consider the same problems in weakly coupled Type IIA 
superstring theory. To do so, one must generalize matrix string theory ||^-|^ of Type IIA 
superstrings to include hypermultiplets as well as vector multiplets in the 1 -|- 1-dimensional 
theory. 

For closely related reasons, the same sort of 1 + 1-dimensional theory of vector and 
hypermultiplets governs the behavior of a D-onebrane parallel to a D-fivebrane. Investiga- 
tions in that context have shown ^ that the interaction with the hypermultiplet induces on 
the Coulomb branch (that is, on the vector multiplet moduli space) a metric with a rather 
peculiar behavior - a semi-infinite tube that appears at the "origin" in field space. The 
metric with the semi-infinite tube is in fact the familiar, but enigmatic, metric transverse 



to a fivebrane P,p!0|] . 1 -f 1-dimensional systems with several vector and hypermultiplets 
give generalizations of the tube metric such a.s an A — D — E family [|ll| . 

The Coulomb and Higgs branches of l-f 1-dimensional theories of vector and hypermul- 
tiplets are distinct quantum mechanically fl^ despite strong 1 + 1-dimensional infrared 
fluctuations. The main goal of section 2 is to try to interpret the tube metric on the 
Coulomb branch of vacua. The tube metric requires some explanation since the physics 
at the origin is surely non-singular. The interpretation that will be proposed here is that 
the tube metric on the Coulomb branch is a manifestation of a conformal field theory to 
which the superrenormalizable theory of vector and hypermultiplets can flow in the in- 
frared. This conformal field theory is part of the Higgs branch if a classical Higgs branch 
exists; otherwise it is a sort of quantum Higgs branch (at the "origin" ) that exists even in 
the absence of a classical Higgs branch. 

In section three we apply the results to matrix theory. The main goal is to explore the 
models relevant to "matrix string theory" of Type IIA fivebranes. First we specialize to 
the particular cases of vector and hypermultiplets that are relevant to the matrix theory of 
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k parallel longitudinal Type IIA fivebranes. For the same reasons as in [^Q, the limit in 
which the Type IIA coupling vanishes is the infrared limit of the 1 + 1-dimensional theory. 
In this limit, the string coupling vanishes but interactions on the fivebrane worldvolume 
survive |]T^ giving a fascinating theory that is roughly a "six-dimensional non-critical 
string theory." This six-dimensional theory corresponds to the Higgs branch of the 1-1-1- 
dimensional theory. We attempt to determine the extent to which a recent proposal [|T4 



can be used to describe the interactions in this six-dimensional theory; the results are 
interesting but not entirely conclusive. 



At an advanced stage of the present work, I learned of related work on the 
same models and especially their + 1-dimensional counterparts. Related ideas were also 
developed by M. Douglas, and I benefited from discussions with him. 



2. The Coulomb Branch And The Higgs Branch 

2.1. Kinematics 

We begin with a six-dimensional supersymmetric theory with a gauge group G and 
hypermultiplets transforming in the representation R of G. We write ny and uh for the 
number of vector multiplets and hypermultiplets (the dimension of G and the quaternionic 
dimension of R, respectively) and r for the rank of G. The six-dimensional theory has an 
SU{2) R symmetry K which acts trivially on the gauge fields (and therefore non-trivially 
on their fermionic partners) while the bosonic fields in the hypermultiplets transform with 
K = 1/2 (and their fermionic partners are invariant under K). 

Upon dimensional reduction to 1 -f 1 dimensions, the six-dimensional vector and hy- 
permultiplets reduce to two-dimensional vector and hypermultiplets.! The six-dimensional 
gauge field splits into a two-dimensional gauge field plus scalars (^i, i = 1, . . . , 4 in the ad- 
joint representation of G. The dimensional reduction produces an extra SO{4) R symmetry 
group, under which the (pi transform as a vector and the scalars in the hypermultiplets are 
invariant. We write this 5*0(4) (or rather its double cover) as L x L', where L and L' are 
copies of SU (2). 

In the present section, all Fayet-Iliopoulos D terms and hypermultiplet bare masses 
are set to zero and we assume that no hypermultiplets are neutral under G. nn free 



^ In two dimensions there are (4,4) multiplets other than the vector and hypermultiplets [16| 
though they will not enter our discussion in the present paper. 
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hypermultiplets would admit an action of a symmetry group Sp{nH), commuting with 
the R symmetry group K. We write H"^^ for the scalars in the hypermultiplets; here 
A = 1,2 is a K index (reflecting the fact that the ff's transform with K = 1/2), and 
X = 1, . . . , 2nH is an Spinu) index. The gauge group G is (via the representation R) a 
subgroup of Sp{nH)- The a^^ generator of G, for a = 1, ... , n^, is represented by a tensor 
t^Y-i ^^^d we write a = 1, . . . , ny for the components of 

At the classical level, a supersymmetric state is simply a zero of the potential energy 
V of the model. ^ is a sum of three terms which are multiples of 

Fi = 5^Tr[0„0,f 

v.= Y.\Y.t''i''^rB^''\" (2.1) 

A,X,i a,Y 
A,B,a 

In the third line, D^^"^ = txyH"^^ H^^ is the hyper-Kahler moment map associated with 
the action of G on the ff's, preserving the hyper-Kahler structure. 

At a zero of V, all three terms separately vanish. The vanishing of Vi implies that the 
(pi commute. If the (pi commute and are otherwise generic, then vanishing of V2 implies 
that H = 0. So there is always a "Coulomb branch" of classical vacua in which the (pi are 
commuting and otherwise generic, and H = 0. 

If the representation R is large enough, there is also a "Higgs branch" of vacua in 
which H ^ and (pi = 0. There may also be mixed Coulomb- Higgs branches in which the 
(pi are non-zero but not generic, and some hypermultiplets are non-zero. However, in this 
paper we consider only the Coulomb and Higgs branches. 

2.2. Separation Of The Two Branches 

In a similar situation above 1 + 1 dimensions, the classical Coulomb and Higgs 
branches just described are first approximations to quantum Coulomb and Higgs branches, 
parametrizing families of quantum vacua. In 1 + 1 dimensions, because of strong infrared 
fluctuations of massless scalars, one does not usually encounter continuous moduli spaces 
of quantum vacua. Roughly speaking, the ground state wave function on the Coulomb 
branch spreads over the whole Coulomb branch, and likewise the ground state wave func- 
tion on the Higgs branch spreads over the whole Higgs branch. (In most instances the 
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branch in question is non-compact and there is actuaUy no normahzable quantum ground 
state wave function at all, but in any event the quantum mechanical states spread over 
the Coulomb or Higgs branches.) 

Since the Coulomb and Higgs branches meet at (p = H = 0, one may question whether 
the Coulomb and Higgs branches are actually distinct quantum mechanically. May not the 
wave function spread from the Coulomb to the Higgs branch? However, it has been argued 

that these branches really are distinct even in the quantum theory. This follows upon 



considering the (4, 4) superconformal field theories that the (4, 4) supersymmetric gauge 
theory flows to in the infrared. 

A (4,4) superconformal field theory has an SU (2) l x SU (2)^^ group of left-moving and 
right-moving R symmetries. Conformal symmetry implies that the R symmetry currents 
must be purely left-moving or purely right-moving, and hence cannot rotate scalar fields (a 
symmetry that rotates scalar fields cannot be separated locally into left- and right-moving 
pieces) .1 It follows then that the Higgs and Coulomb branches have separate /^-symmetries. 
The group L x L' described at the beginning of this section acts trivially on the scalar 
fields H"^^ that are in the hypermultiplets, and so can be the R symmetry group of a (4,4) 
superconformal field theory obtained by infrared fiow on the Higgs branch. Since L and 
L' act non-trivially on the scalars (pi that parametrize the Coulomb branch, they cannot 
appear as R symmetries in a superconformal field theory derived from the Coulomb branch. 
The candidate R symmetry of the Coulomb branch, because it acts trivially on the (pi, is 
K (this is only one SU{2) symmetry; to get the expected SU{2)n x SU{2)l -R-symmetry 
group of a (4, 4) model, K must break up in the infrared as the sum of separately conserved 
left- and right-moving symmetries). As the Higgs and Coulomb branches have different 
i?-symmetries, they must in fact be different conformal field theories. 

In most cases, we could alternatively reason as follows. The Coulomb branch is 
parametrized by r massless vector multiplets; all other fields are generically massive. So 



To state this argument very carefully, one should use the fact that generally the Coulomb and 
Higgs branches are noncompact and consider regions at infinity that can be analyzed semiclassi- 
cally (all radii of curvature being large compared to the string scale). In such a region, a symmetry 
that rotates scalar fields cannot be locally separated into left- and right-moving pieces. In any 
model, therefore, in which the Coulomb or Higgs branches contain such semiclassical regions, their 
R symmetries cannot act on the massless scalar fields of the branch in question. 
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the superconformal field theory on the Coulomb branch has central charge c = r.@ On the 
other hand, if the representation R is big enough so that the gauge group is generically 
completely broken on the Higgs branch, then the Higgs branch is parametrized by uh — ny 
massless hypermultiplets with all other fields generically massive. So the superconformal 
field theory on the Higgs branch has central charge 

c = nH-nv- (2.2) 

In most examples, r 7^ uh — ny, and this inequality of the central charges shows that 
the Coulomb and Higgs branches are different. (The example considered in |T^ was an 
exception with r = uh — ny = 1-) 



Equation ( p.2| ) can be justified more generally by considering the R symmetries and 
without assuming that the gauge group is completely broken on the Higgs branch. In (4, 4) 
superconformal field theory, c is equal to the "level" of the Kac-Moody algebra of the left 
or right- moving SU{2) group of R symmetries. This level can be computed even away from 
criticality, for it equals the anomaly in the two point function of the R symmetry currents. 
The symmetry L, for example, couples to the left-moving fermions in the hypermultiplets 
and the right-movers in the vector multiplets; so its anomaly is nn — ny, and this is its 
Kac-Moody level in any possible conformal infrared limit of the Higgs branch. (Away from 
criticality, L couples to left and right-moving bosons in the vector multiplet; it becomes 
purely left-moving only in an infrared limit.) Hence a conformal field theory in which L is 
an i?-symmetry has 'c = uh — ny. 

So we get a definition of a quantum Higgs branch that does not make any assumption 
about breaking of the gauge symmetry at the classical level. A (4,4) superconformal field 
theory to which the gauge theory can flow in the infrared is a conformal fleld theory of 
the Higgs branch if the R symmetry group is L x L' and (therefore) the central charge is 
c = Uh — ny. Note that a quantum Higgs branch in this sense cannot exist if uh — ny < 0. 
If on the other hand uh — ny = 0, then the quantum Higgs branch has cT = and so is 
an infrared-trivial theory with a mass gap. Since any theory with such a c = quantum 
Higgs vacuum also has a quantum Coulomb branch with the same minimum energy and 



In the usual examples of (4, 4) superconformal field tlieory, including all examples that will 
be considered in the present paper, the left- and right-moving central charges are equal; so we 
do not indicate a potential difference between them in the notation. The left- and right-moving 
Kac-Moody levels, introduced below, are likewise equal in these models. 
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no mass gap, such a quantum Higgs vacuum with mass gap is a sort of "bound state 
at threshold" of the quantum field theory. It is somewhat analogous to bound states at 
threshold whose existence follows in certain cases from string duality and can be proved 
via index theory It would be nice to know for sure if such quantum Higgs vacua 



exist in two-dimensional (4,4) theories; decisive arguments one way or the other will not 
be given in the present paper. 

2.3. Interpretation Of The Tube Metric 

Now we will focus on a specific case, which is U{1) gauge theory with k hypermulti- 
plets. 

At the classical level, the metric on the Coulomb branch of the U{1) gauge theory 
is simply the flat metric |(i0p/2e^. A one-loop diagram with internal hypermultiplets 
induces on the Coulomb branch a quantum metric 



This metric is actually the same as the metric transverse to a Type IIA fivebrane ||9,10 



a fact which is closely related to the fact that in matrix theory one can interpret [H the 
inclusion of a hypermultiplet as the incorporation of a fivebrane in M theory. 

The metric in ( |2.3| ) is enigmatic because there is a semi-infinite tube, isometric to 
Rx with the obvious homogeneous metric, near (p = 0. In particular, (p = is "infinitely 
far away." This seems strange because in the theory of vector and hypermultiplets, it does 
not seem intuitively that (/> = is at an infinite distance. Higher loop corrections to ( |2.3| ) 
cannot resolve the enigma, since supersymmetry ensures that the metric receives no 
further corrections. 

It has been proposed [jl2| that the occurrence of such tube metrics is related to the 



fact that the Coulomb and Higgs branches separate under renormalization group flow. 
The intuitive idea was that (p = (where the Coulomb and Higgs branches meet) is 
"infinitely far away" by the time one fiows to the infrared. The precise form of the tube 
metric suggests, however, a further and more specific interpretation. The classical metric 
corresponds to a two-dimensional Lagrangian 
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that is conformally invariant if and only if (p has dimension zero, the usual conformal 
dimension for a scalar field in two dimensions. But the tube metric is such that the 
Lagrangian near the origin 

is conformally invariant for any conformal dimension that might be assigned to (p. This 
strongly suggests that what is happening at the origin is that there is a conformal field 
theory in which (p has a non-zero conformal dimension. This is further suggested by the 
fact that In \ (p\ behaves as a Liouville field in the theory in the tube. 

A simple inspection of (2^) does not reveal the conformal dimension of (p, but con- 
sideration of where (|2.5D came from makes it clear what the dimension must be. (|2.5|) was 
obtained by integrating out the hypermultiplets from an action that is schematically 

/ {\{d + A)H^\'' + \(Pf\H^f + i^^T ■ {d + A)tl;^ + + XH^t^^ + DH^H^) . 

(2.6) 

Here H^, ipon ct = 1, . . . , are the bosons and fermions in the a^^ hypermultiplet; the 
vector multiplet consists of the scalars gauge field A, fermions A, and auxiliary field 
l), whose interactions with the hypermultiplet are sketched in ( pj.6| ). The full Lagrangian 
contains in addition to the hypermultiplet action ( |2.6| ) the vector multiplet action which 
is schematically 

1 r 



— I d'x{ \F\' + |#|" + XT-dX + D']. (2.7) 



dA is the electric field. 



Now (|2.6|) is conformally invariant if and only if we assign dimension 1 to ^, 3/2 to 
A, 1 to A, and 2 to D and canonical dimensions (0 for H, 1/2 for ip) for the hypermulti- 
plets. These dimensions for the vector multiplet are not the usual canonical dimensions, 
but they are "geometrical" dimensions; for instance, dimension one is the natural geomet- 
rical dimension for a gauge field (this is clear from the fact that Ai appears with d/dx'^ 
in the covariant derivative Di = di + Ai), and the others are determined from this by 
sup er symmetry. 

Since ( p.5|) is obtained from ( |2.6|) by expanding near constant (p and near zero mo- 
mentum and performing the path integral over the hypermultiplets, conformal invariance 
of (|2.5| ) is a consequence of conformal invariance of (|2.6| ). If (and only if) we assign ge- 
ometrical dimensions to the fields in the vector multiplet, the entire hypermultiplet path 
integral and not just the particular term extracted in ( p.5| ) will be conformally invariant. 
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Once we assign dimensions l,3/2,l,2to(^, A,A,iD, the vector multiplet kinetic energy 
) is "irrelevant" (all terms have dimension four) and can be dropped in flowing to 
the infrared. Thus, we are dealing with "induced gauge theory" in which the vector 
multiplet kinetic energy comes completely from performing the path integral over the 
hypermultiplets. One might question to begin with whether such an induced gauge theory 
actually makes sense. At least for large k, one can argue as follows that it does. The path 
integral over the hypermultiplets induces a kinetic energy for the vector multiplets of the 
general form 

kL,ffi<p,X,A,D). (2.8) 

The overall factor of k means that the effective theory of the vector multiplet is weakly 
coupled for large k. The expression L^ff is conformally invariant and has a non-degenerate 
expansion around (p = X = A = D = 0, though - as one would expect in an interacting 
conformal field theory - its expansion near zero momentum is rather delicate. The expan- 
sion in powers of l//c can be made systematically using propagators and vertices obtained 
by expanding Lf,ff in powers of the fields. No infinities arise in the perturbation expansion 
since there are no possible marginal or relevant (dimension < 2) local gauge-invariant and 
supersymmetric counterterms in this theory. (The expansion in powers of is somewhat 
analogous to the 1 /N expansion of the two-dimensional [li'ipY inodel above two dimensions, 
which was originally suggested in |1T8[] .) 

The conformal field theory obtained in this way is, if k is sufficiently large, to be 
attributed to the Higgs branch and not the Coulomb branch. For in this theory H has 
dimension zero and can obtain an expectation value without breaking conformal invariance, 
while (f) has dimension one and cannot have an expectation value. (On the Coulomb branch, 
of course, cj) has dimension zero and can have an expectation value.) The central charge 
of this conformal field theory isc = k — l according to ( |2.2| ). The first term in the 1/k 
expansion would give the leading approximation c = k. 

Thus, for large k the conformal field theory obtained in this way is not really "new," 
but gives a useful way to describe the behavior of the Higgs branch near the origin. Since 
the basic puzzle of interpreting the tube metric of the Coulomb branch exists for all /c > 2 
TTj] , it is natural to propose that this description is valid all the way down to and including 



k = 2. It seems that the puzzle of the tube metric may not be present for /c = 1 [11 



and this suggests that for k = 1 a quantum Higgs vacuum may not be present. Note that 
for k = 1, a Higgs vacuum would have c = and so would correspond to a theory with 
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mass gap that would be trivial (and not just free) in the infrared limit. Existence of a 
Higgs vacuum for A; = 1 would be important in the theory of fivebranes, as will be clear 
in section 3, so it would be desireable to obtain decisive arguments showing that such a 
vacuum does or does not exist. 

2.4- Fixed Points in Superrenormalizable Gauge Theories 

We will try to put this discussion on somewhat firmer ground by observing that 
somewhat similar phenomena occur in many superrenormalizable gauge theories in two 
and three dimensions. 

Consider a U (1) gauge theory with gauge field A and field strength F. Classically the 
object /(S) = Jj.F is a, topological invariant, for any closed two-surface E in spacetime. 
One possible behavior of such a theory is that the gauge field A may decouple in the 
infrared limit. If so, then the different gauge bundles labeled by different values of /(E) 
are indistinguishable in the infrared and F can have any dimension at all. Usually what 
happens in superrenormalizable theories is that F has dimension less than 2 (for instance, 
dimension 1 on the Coulomb branch of the supersymmetric two-dimensional theories that 
we have been considering), in which case /(E) diverges as one flows to the infrared and is 
not a well-defined observable of the conformal field theory. 

Alternatively, one may flow to an infrared flxed point at which A does not decouple 
from charged flelds. In that case, F has dimension exactly 2, since this is the only value 
compatible with topological invariance of /(E). 

This discussion is probably not limited to abelian gauge theory. The intuitive idea is 
that gauge fields of any gauge group cither decouple in the infrared from charged fields 
(including themselves in the non-abelian case) or have canonical dimensions. A more 
precise statement and argument is more difficult to give in the nonabelian case because a 
gauge-invariant operator as convenient as F does not exist. 

We will illustrate these ideas with a number of examples. 

QED In Two Dimensions 

First we consider two-dimensional QED, that is a U{1) gauge theory in two dimensions 
coupled to k complex fermions i/'a, a = 1, . . . , A; of the same charge. The Lagrangian of 
this completely nonsupersymmetric model is 




(2.9) 
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Imitating the discussion of the supersymmetric theory, we are led to suspect that at least 
for sufficiently large k, this theory flows in the infrared to a conformal field theory that can 
be obtained by throwing away the gauge kinetic energy and integrating out the fermions 
to induce an effective kinetic energy. 

This is in fact so for all k, as can be seen by bosonization. One can replace the 
fermions by bosons (^q,, a = 1, . . . , /c, and the Lagrangian byll 

h • ■ 

L' = ^ + + (2.10) 

This flows as expected to a conformal field theory in which F has dimension 2, (p has 
dimension 0, and the original -F^ kinetic energy is irrelevant in the infrared and can simply 
be dropped. 

The central charge can be computed using the fact that one combination of the scalars 
(namely their sum) combines with F to a massive field (the mass is infinite if one discards 
the term from the Lagrangian), while the other k — 1 scalars are free and massless. 
So in fact c = k — 1. At /c = 1, since c = 0, we have a theory with a mass gap. In fact, 
this theory is the Schwinger model, long known to be equivalent by the above procedure 
to the theory of a massive free boson. The massive theory at /c = 1 is analogous to the 
massive Higgs vacuum that might possibly exist for the supersymmetric U{1) theory with 
one hyper multiplet, except that (as there is no Coulomb branch) it is not embedded in a 
continuum. 

One oddity of the present model is that, while the correlation functions are conformally 
invariant in the infrared if F is assigned dimension two, connected correlation functions 
involving F have no infrared singularities. This would not be so in the supersymmetric 
example considered earlier if /c > 1; it is true, of course, for /c = 1 as there is a mass gap 
and no correlation functions have infrared singularities. 

The 1/k expansion has a similar qualitative structure in the nonabelian case. For this, 
one replaces the gauge group by a nonabelian group and takes the fermions to consist of k 
copies of any given representation. The Lagrangian is formally just like (|2.9| ) (except that 
of course the gauge kinetic energy is now TrF^) and there is a large k expansion as in the 
abelian case. For a recent brief discussion see . One can even extend the discussion 
to small k via the relation between gauged WZW models and coset conformal field theories 



See [19 1 for this procedure and generalizations to analyze fermion mass terms. 
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21 -2|]. To do so, let k' be the total number of real fermi fields in the model, summed over 
representations. One can replace the fermions by an SO{k') WZW model at level one. 
Upon deleting the gauge kinetic energy from the Lagrangian, one gets a gauged WZW 
model which flows in the infrared to a coset conformal field theory. Using the machinery 
of coset conformal field theory, one can argue that the gauge fields have their canonical 
dimension in this infrared fixed point and one can describe the fixed point quantitatively. 

QED In Three Dimensions 

Next we consider the same model - U{1) coupled to k species of complex fermion 
- but now in three dimensions. The 1/k expansion of this theory has been extensively 
studied over a period of many years, some of the references being ||25| - |30[] . In particular. 



it is demonstrated that order by order in 1/k, there is a non-trivial infrared fixed point at 
which F has dimension two and the ordinary kinetic energy is irrelevant. The fact that 



the dimension of F is precisely two to all orders in l//c is argued in ||3^ . A difference from 



the two-dimensional case is that it has been argued p9| , p0| that the fiow to a non-trivial 
infrared fixed point of this nature occurs only for k greater than a certain critical value. 
As in two dimensions, one can generalize to the nonabelian case without changing the 



qualitative structure of the 1/k expansion. In fact, the argument in |]3^ showing dimension 
2 for F is made in this context. 

Supersymmetric QED In Three Dimensions 

For our last such example, we consider supersymmetric QED in four dimensions. For 
brevity we consider only the case of = 4 supersymmetry (that is, eight supercharges) 
though one could likewise consider N = 2 supersymmetry |^1[] to give further examples. 

So we consider a three-dimensional U{1) gauge theory of a vector multiplet coupled 
to k hypermultiplets. On the Coulomb branch there is a gauge field A and three scalars 
(p. After dualizing the gauge field to a fourth scalar, the Coulomb branch is described by a 
Taub-NUT hyper-Kahler metric with an Ak-i orbifold singularity [^ , |33[| . The Taub-NUT 



metric corresponds in terms of the original variables (p, A, to a kinetic energy which looks 
like 



k d^x\ (2.11) 



(with just such coefficients as to produce an A^-i orbifold singularity after duality). We 
see the familiar fact that conformal invariance holds if and only if the fields are assigned 
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their geometrical dimensions, namely 2 for F and 1 for (p. These are the dimensions that 
make the hypermultiplet kinetic energy conformally invariant, and if one did not have exact 
methods to analyze this problem, one could arrive at ( ^.111 ) as the behavior near the origin 
for large k by simply integrating out the hypermultiplets. Since there are exact methods, 
one can be precise about how large k must be to produce such behavior at the origin. The 
form for the metric near (p = is valid for all /c > 1. For /c > 2, this behavior at the 

origin actually corresponds to a critical point with non-trivial infrared behavior, while for 
/c = 1, a duality transformation (to the scalar field dual to A) eliminates the singularity, 
giving a smooth Taub-NUT metric. So in that case, the conformal field theory at the 
origin is actually infrared-free (but non-trivial, that is there is no mass gap) if expressed 
in the right variables. 

QED In Four Dimensions 

We conclude by considering a model that is not superrenormalizable, namely QED in 
four dimensions. In this case, the fact that F must have dimension two at a critical point 
at which the photon does not decouple from electrons implies that ^7(1) gauge theory 



in four dimensions cannot have such an infrared fixed point. This argument holds only in 
the absence of magnetic monopoles, since the Bianchi identity, which is used to show that 
/(E) is topologically invariant and F must have dimension 2, holds only in the absence of 
monopoles. 



3. Matrix Theory With Hypermultiplets 

3.1. Models 

In this section, we consider matrix string theory with hypermultiplets. 

To incorporate longitudinal fivebranes we follow [||. Type IIA matrix string theory 
is based on a U{n) gauge theory with (8, 8) supersymmetry. Prom the point of view of 
(4, 4) supersymmetry, this model has a U{n) vector multiplet and a hypermultiplet, which 
we will call X, in the adjoint representation of U{n). To incorporate k parallel longitu- 
dinal fivebranes, one must add k hypermultiplets i/a, a = l,...,/c in the fundamental 
representation of U{n). i Lorentz-invariant physics hopefully emerges in the large n limit. 



^ What is considered in is the problem of adding a hypermultiplet to zerobrane quantum 
mechanics to represent an M theory fivebrane. To make a Type IIA construction, one considers, in 
a standard fashion, a periodic array of fivebranes. After making a sort of Fourier transform or T- 



duahty transformation |35], one arrives at the 1 + 1-dimensional field theory with hypermultiplets 
representing fivebranes. 
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Alternatively, to describe matrix string theory in the presence an A — D — E 
singularity, one considers [^|[ a certain collection of unitary groups and hypermultiplets 
associated with the A — D — E Dynkin diagram. 

In the A—D—E case, the Fayet-Iliopoulos or FI couplings are quite important and lead 
to resolution of the singularity. In the presence of generic FI terms, the model has a Higgs 
branch and no Coulomb branch. The Higgs branch is interpreted physically in terms of 
motion of supergravitons in spacetime. The physical interpretation of the Coulomb branch 
that occurs when the FI terms vanish is an intriguing question that will not be considered 
here. We will focus instead on fivebranes. 

In studying fivebranes, the goal is to understand the intrinsic fivebrane theory obtained 

by taking the Type IIA string coupling constant to zero, whereupon a residual six- 



dimensional theory survives. Upon a further reduction [a' 0) this theory reduces to 
the exotic six-dimensional field theory found earlier |]T^,|H^. As in conventional Type IIA 
matrix string theory the weak coupling limit is obtained by formulating the 1-1-1- 

dimensional theory on a circle S of radius R, and taking i? — oo. The large R behavior 
is controlled by the possible conformal field theories to which the 1 -|- 1-dimensional gauge 
theory can fiow. 

An important point is that an intrinsic interacting fivebrane theory in the limit that 
the Type IIA string coupling constant goes to zero is only known to exist for the case of 
k > 2 parallel fivebranes. The limiting theory must be non-trivial in this case since even in 



the infrared limit it fiows to the non-trivial theory described in [|T2| , |36[| . In the analogous 
Type IIB case the argument that the fivebrane theory remains interacting as the string 



coupling constant goes to zero |T^ uses the fact that the gauge theory on the fivebrane 
world-volume has a U{k) gauge group, which is non-abelian for k > 2. Thus, one only has 
a firm argument that an intrinsic fivebrane theory exists in the case k > 2. Because this 
theory seems to be the Ak-i case of an A — D — E story, and Ak-i corresponds to SU (k) 
rather than U{k), one might suspect that the U{1) is completely decoupled (and not just 
decoupled in the infrared limit) and that there is no intrinsic theory in this sense for a 
single fivebrane. 

The U{n) theory with an adjoint and k fundamental hypermultiplets -ffa, ct = 1, . . . , /c, 
has both a Coulomb branch and a Higgs branch. (The classical Higgs branch has rather 
special properties for /c = 1, as we discuss later, and is generic for k > 1.) As is clear from 
the metric ( |2.3| ) , the motion on the Coulomb branch describes the motion perpendicular to 
the fivebrane. In fact, near infinity on the Coulomb branch, the Ha can be neglected (their 
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masses become large) , and one reduces to Type IIA matrix string theory in the absence of 
fivebranes. 

So the fivebranes must be described by the conformal field theory of the Higgs branch. 
On this branch, the scalars in the U{n) vector multiplet are near zero, and the transverse 
space of the light cone matrix string theory is reduced from eight to four dimensions, the 
correct number to describe a six-dimensional theory in light cone gauge. 

Whenever there exists an intrinsic fivebrane theory that survives for vanishing string 
coupling, the conformal field theory of the Coulomb branch must have some pathology. 
For if the Coulomb branch is governed by a completely well-behaved (4, 4) superconformal 
field theory (with no problems except the standard noncompactness at infinity), then this 
conformal field theory is the starting point for a systematic Type IIA perturbation expan- 
sion. It would surely be inconsistent to add fivebranes by hand to such a perturbation 
expansion. So (a) if the Coulomb branch conformal field theory is completely well-defined, 
it must give a completely self-contained description of physics in the field of the fivebrane 
and hence the usual modes propagating on the fivebrane world-volume must be described 
by ordinary vertex operators in this theory (as was assumed in the earliest work on five- 
brane conformal field theory 0), and (b) if there is a limiting non-trivial fivebrane theory 
in the limit of zero string coupling constant (as we expect at least for k >2) the Coulomb 
branch conformal field theory cannot be completely well-defined. 

We independently expect a problem with the Coulomb branch for k > 2 because of 
the tube metric (which apparently exists for k > 2 [|ll|) whose existence leads to a failure 
of normalizability of the Coulomb branch vacuum near the fivebrane location (near cp = 
in the language of section two) and a blow-up of the effective Type IIA string coupling 
constant. The problem with the Coulomb branch when there is an intrinsic fivebrane 
theory is analogous to the fact that one cannot expect to give a completely consistent 
description of the physics outside a black hole without including black hole degrees of 
freedom. 

For k > 1, after specifying the orientation of an M theory fivebrane, five additional 
real numbers are needed to specify its transverse position. In [0, these parameters were 
interpreted as bare masses of the H^t, or more exactly as relative bare masses. To be more 
precise, in the + 1-dimensional construction in , the a^^ hypermultiplet interacts not 
with the scalars (p in the vector multiplet but with (p + Sa, where (as (p has five components 
in + 1 dimensions) each is a five-component "transverse position vector" for the a^^ 
fivebrane. Addition of an overall constant to all Sa can be absorbed in adding a constant to 
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(/) (just as an overall constant in the positions of a collection of fivebranes can be absorbed 
in a translation) . 

In 1 + 1-dimensions, the cf) and Oq, have only four components; the fifth component 
of the fivebrane position has a different interpretation that we discuss momentarily. The 
hypermultiplet bare masses da are relevant operators, of dimension one. If therefore we 
want these perturbations to survive and not dominate as R (the radius of the circle S) 
becomes large, we must take the da to be of order l/i? as — oo. 

What about the fifth component of the fivebrane position? After the T-duality to a 
1 + 1-dimensional model, this component becomes a Wilson line around S. The t/(n) gauge 
field with which Ha interacts can be supplemented by an a-dependent additive constant, 
which is such that the holonomy around S contains an a-dependent multiplicative factor 
QiOa ^ wJiere 6a is the position of the fivebrane in the eleventh dimension - the dimension 
that was compactified to go from M theory to Type IIA superstrings. The 6a should be 
held fixed as — oo. 

3.2. Analysis Of The Classical Higgs Branch 

We will now analyze the classical structure of the Higgs branch A4n,k of the U{n) 
theory with an adjoint and k fundamental hypermultiplets. The results will be useful later 
when we consider interactions. 

The Higgs branch of this theory (with zero bare masses and FI terms) can be inter- 
preted as the moduli space of n-instanton solutions of U{k) gauge theory on R^, partially 
compactified by incorporating small instantons.0 This fact follows from the ADHM con- 
struction of instantons, and is important in many of the physical interpretations of the 
model. For k = 1, as U{1) is abelian, there are no "honest" instantons, and all solutions 
correspond to completely collapsed instantons. The completely collapsed instantons cor- 
respond to if = 0, so are represented by the values of the adjoint hypermultiplet only. We 
will momentarily give a direct proof, without using the relation to instantons, that H = 
in any vacuum of the k = 1 theory. 

To analyze the generic structure of the Higgs branch for any k, we follow the concluding 
portion of and proceed as follows. Pick a complex structure on the four-dimensions of 

^ In this paper, whenever we speak of instanton moduli spaces on R^, we always have in mind 
based instantons; that is, in defining the moduli space one considers two instantons to be gauge- 
equivalent if and only if they are equivalent by a gauge transformation that equals the identity at 
infinity. 
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the light-cone fivebrane world- volume and view the (4, 4) model as a (2, 2) supersymmetric 
model. Under this reduced supersymmetry, the adjoint hypermultiplet X splits into a pair 
U,V of chiral multiplets in the adjoint representation. The H^t, a = become 
chiral multiplets Aq., Bq. in the fundamental and antifundamental representations of U{n). 
The vanishing of the (4, 4) D terms give a complex equation 

+ J]ALSa,=0 (3.1) 
together with a real equation which is the vanishing of the (2, 2) D field, which we call 



Dr. The Higgs branch is described by solving (|3.1|) , setting L>r to zero, and dividing by 
U{n). If things are sufficiently generic (which in the present problem is true for k > 1 but 
not for /c = 1), then setting to zero and dividing by U{n) is equivalent on a dense open 
set to dividing by the complexification GL{n, C) of U{n). 

Now we proceed to solve ( |3.1| ) and divide by GL{n, C). Generically we can diagonalize 
U, say with eigenvalues Ui, i = l,...,n. Diagonalizing U fixes most of the GL(n, C) 
symmetry; what remains are the diagonal GL{n, C) transformations - forming a group 
(C*)" - and the Weyl group - which acts by permutation of the eigenvalues. Equations 
( p.l|) put no restrictions on the diagonal matrix elements Vi = V^i. The Higgs branch will 
thus be parametrized among other things by the values of the Ui and the Vi. One can 
generically solve (|3.1| ) for the off-diagonal V^j via 

fori^j. (3.2) 

Ui — Uj 

Finally, vanishing of the diagonal terms in ( ^.1| ) puts a restriction on A and S, which is 
that 

5^Aj,S«, = 0, forz = l,...,n, (3.3) 

a 

with no sum over i in this equation. 

The surviving data, for each fixed z, are the diagonal matrix elements Ui and Vi, 
together with the hypermultiplets A^, -Bai- ^ai must obey ( p.3| ) and one must 

impose an equivalence relation A XA, B — > \~^B that comes from the residual C* 
symmetry. The data u,v,A,B with this condition and this equivalence relation make 
up a copy of the Higgs branch Aii^k for n = 1 with k hypermultiplets. (By the ADHM 
construction, this is the same as the one-instanton moduli space for the group U{k).) Since 
we get n copies of this space, one for each i, and we then must divide by the Weyl group. 
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which acts by permutations of the eigenvalues, the conclusion is that on a dense open set 
the desired Higgs moduli space A4n,k is the symmetric product S'^A4i^k of n copies of 
A4i^k- Technically, Ain,k is birational to S^M.i^k- Note that this identification of M.n,k 
with S'^J^i^k does not respect all of the symmetries of the problem; in fact, it depended 
on the choice at the outset of a complex structure. 

Now we look more closely at the special case k = 1. In this case, there is no sum 
over a in ( p.3|) , which collapses to the condition that A^Bi = for each i. So after a 
rearrangement of the eigenvalues, we can assume that A* 7^ 0, = 0, for i = 1, . . . , ni, 
A* = 0, Si 7^ for ni + z < z < ^2, and A* = = for z > ^2- In this basis, ( |3?^ ) 
shows that V^j is upper triangular. An examination of the equation Dn = now shows 
that it can be satisfied only for = Bi = 0. (Thus this is an exceptional case in which 
setting Dr = and dividing by U{n) is not generically equivalent to dividing by GL{n, C), 
because "the generic orbit is not stable.") This confirms the claim made at the outset of 
the present discussion that for /c = 1, the hypermultiplet H is identically zero on the Higgs 



branch. ( |3.1|) now reuires that U and V commute, so the Higgs branch is described by the 



eigenvalues Ui, Vi. (The vanishing of I?r forbids solutions in which U and V have Jordan 
forms looking like ( ^ ^ ] and cannot be diagonalized.) In particular, the moduli space 



.0 

is parametrized by a single pair of complex numbers u, v, and is a copy of R^. More 
generally, A4n,i is parametrized by n pairs w^, Vi up to permutation, and so is isomorphic 
to a symmetric product 

Mn,i = S''Mi,i. (3.4) 

There are a few differences between (|3.4D and the corresponding and superficially 
similar relation between Ain.k and J^i k- 



(1) The relation (O) was deduced from the exact statement that H = in any 
vacuum for k = 1 and is true on the nose as a relation between the spaces involved; no 
blowup or birational transformation is involved. The fact that for general n the birational 
equivalence of M.n,k with S'^M.i^k involves the equation ( |3.2|) which has a pole at Ui = Uj 
shows that in the latter case we are only getting a birational transformation, which breaks 
down when Ui = Uj . 

(2) Related to this, the hyper-Kahler metric on the moduli space A4n,i is the obvious 
flat hyper-Kahler metric on the symmetric product iS'^R^. This is deduced by setting 
A = B = and evaluating the classical Lagrangian for diagonal (but spacetime-dependent) 
matrices U, V. By contrast, since ( p.2| ) shows that the off-diagonal matrix elements of V 
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do not vanish for k > 1, the metric on Airi,k does not have such an elementary relation to 
that on Mi^k for A; > 1. 

(3) Finally, ( p.4|) is a consequence of the fact that if = on the Higgs branch of 
the k = 1 theory, which is a statement completely invariant under all symmetries of the 
problem, though our proof of it was not invariant. So the identification ( |3.4| ) is completely 
invariant. That is not so for the corresponding birational equivalence for k > 1, which 
depended on a choice of complex structure. 

3.3. The Hamiltonian 

Now we will try to make as explicit as possible the structure of the theory, first in the 
case k = 1. 

We have seen in the last subsection that the Higgs branch for /c = 1 is parametrized by 
the adjoint hypermultiplet X, with H = Q. X contains four scalar fields X\, A = 1, ... ,4 
in the adjoint representation of U{n). A point on the Higgs branch is parametrized by X's 
that mutually commute, modulo the action of U{n). The simultaneous eigenvalues of the 
Xx define a set of n points in R^, which are uniquely determined up to the action of the 
Weyl group, that is, up to permutation. 

If one is far out on the Higgs branch, that is if the n points in are all far apart, 
then the gauge group U{n) is spontaneously broken to [/(I)". At this point, the low 
energy theory looks like n copies of the n = k = 1 system. This system consists of 
U{1) with a single charged hypermultiplet plus an adjoint-valued hypermultiplet, which, 
as U{1) is abelian, is simply free. It is possible that the U{1) theory with one charged 
hypermultiplet has no quantum Higgs vacuum and has a completely well-defined Coulomb 
branch conformal field theory. In this case, upon including also the free hypermultiplet 
from the adjoint, we get a theory which has only one quantum branch in which the scalars 
in the vector multiplet and the free hypermultiplet are both free to vary. This theory would 
describe both the physics outside the fivebrane and the fivebrane modes, so there would be 
no separate fivebrane theory that can be decoupled from the theory in bulk. This would 
have to be a completely well-defined conformal field theory (except for the usual subtleties 
coming from the noncompactness at infinity), and the k = 1 fivebrane modes would be 
described by ordinary vertex operators in this theory. 

On the other hand, it is conceivable that U{1) with one charged hypermultiplet can 
flow in the infrared to a massive Higgs vacuum. If so, then the n = k = 1 system has a 
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quantum Higgs branch in which only the scalars in the free hypermultiplet can vary. This 
branch will lead to the existence of an intrinsic theory for a single Type IIA fivebrane. 

We will proceed with the discussion of interactions assuming that such a branch exists 
for n = k = 1. Even if it turns out that this is not so, the discussion of this case will give 
useful practice for k > 1 where there definitely is an intrinsic fivebrane theory. 

So now we consider the case k = 1, n » 1. Far out on the Higgs branch, the 
eigenvalues of the scalars in the adjoint hypermultiplet define n points in (and the 
scalars in the vector multiplet are locked near zero because of our assumptions about the 
n = k = 1 system). The key question is what happens when some of the n points in 
come near by. We have determined that the Higgs branch M.n,i is precisely the symmetric 
product Yn = S'^R^ of n copies of R^, with the obvious fiat metric. At first sight this 
strongly suggests that the conformal field theory of the Higgs branch would be simply 
the conventional orbifold conformal field theory with target space Y . This assumption, 
however, leads to contradictions. If the conformal field theory of the Higgs branch is 
simply an orbifold obtained by dividing the symmetric product of n copies of anything by 
the symmetric group Sn, then the spectrum of the matrix string theory would be - by 
the standard logic of matrix string theory |]^-|^ - a free Fock space of one particle states. 
Moreover, in this case the one particle states in question would be, essentially as guessed 
in |3S], the states of the six-dimensional light-cone Green-Schwarz superstring. But the 
Green-Schwarz superstring in six-dimensions is not Lorentz-invariant, six not being the 
critical dimension. So whatever the theory of a single fivebrane (at vanishing Type HA 
string coupling constant) may be, it cannot have the spectrum of the light-cone Green- 
Schwarz superstring. 



A resolution of this problem was proposed in [|14[. The proposal (as adapted to the 
language of the present discussion) is that the Higgs branch of the U{n) theory with k = lis 
not precisely the orbifold conformal field theory but is a sigma model whose target space is 
a blow-up of Y . The idea, to be more precise, is that the locus that is blown up is the locus 
in Y in which two of the n points in R^ coincide. This locus is of codimension four, and 
its blowup is represented by marginal deformations of the conformal field theory. Blowup 
of "higher order diagonals" on which more than two points coincide would by contrast be 
represented by irrelevant operators. Since we are blowing up a locus where just two points 
coincide, the singularity that is being blown up is a Z2 or Ai orbifold singularity; the local 
behavior of the conformal field theory near such a singularity can in fact be described by a 

19 



U{1) theory with two charged hypermultiplets (of equal charge), as in |jT^. GeometricaUy, 
the blowup creates a two-cycle C (which is topologically a two-sphere) . 

The proposal to describe the fivebrane via a sigma model whose target space is this 
blowup cannot be precisely correct. The blowup of Y would violate the rotation symmetry 
of (breaking SO{4) to SU{2) x f/(l)); but this 5'0(4), which rotates the four transverse 
dimensions of the fivebrane, is an exact symmetry of the fivebrane theory. Even more 
specifically, we saw in the last subsection that the Higgs branch of the U{n) theory with 
/c = 1 is equal on the nose to the symmetric product Y , and is not a blowup of Y . 

However, a variant of the proposal in fl^ does seem to be viable. The three blowup 
modes of the orbifold conformal field theory associated with blowup of the codimension 
four singular locus in Y have a supersymmetric completion which is a fourth marginal 
operator (like the blowup modes this operator is a twist field of the orbifold theory). 
The coupling constant associated with this operator would be interpreted after blowup 
as a world-sheet theta angle; before the blowup, it is hard to interpret this coupling as a 
worldsheet theta angle (since the two-cycle C is collapsed at the orbifold fixed point), but 



it can be interpreted as in [|T^ as the theta angle of a U{1) gauge theory that is used in 
an effective description near the Ai orbifold singularity. 

A deformation of the theta angle does not violate the SO {4) transverse rotation sym- 
metry of the fivebrane, but a generic such deformation does violate the left-right symmetry 
on the worldsheet of the 1 -(- 1-dimensional theory. There are two values of 6, namely ^ = 
and 9 = n, which do respect this left-right symmetry and in fact respect all symmetries 
that should be manifest for the light cone fivebrane. An important fact in this subject is 
that the conventional orbifold theory - the one that can be expressed in terms of free fields 
- is the theory at ^ = tt [^|. The fivebrane theory cannot be described by the conventional 
orbifold, for reasons already explained, so 6* = tt is ruled out. We are thus left with one 
option along these lines: the conformal field theory on the k = 1 Higgs branch is not the 
usual orbifold, but differs from it by having ^ = instead of ^ = tt. It seems that this is 
the appropriate version of the conjecture made in [0. 

As encouraging hints supporting this interpretation, we may note the following: 

(1) There is a unique and fairly elegant candidate, an improvement over the state of 



affairs in where the blowup parameters were not specified. 

(2) As seen in [|12[, 9 = is the one case where the deformed orbifold is described by a 
theory that also has a Coulomb branch. We are certainly dealing in the fivebrane problem 
with a theory that has a Coulomb branch, so this fact fits nicely. 



20 



(3) Finally, though it can be seen in an effective U{1) theory near the singularity, the 
theta angle in question is not naturally embedded in the underlying U (n) gauge theory. 
It is thus very natural that the underlying U (n) theory would automatically lead to 6* = 
and not ^ = tt as the theory on the Higgs branch. 

Even if it is true that the fivebrane is described by the orbifold theory deformed to 
^ = 0, it is not at all clear how much computational power concerning fivebranes this will 
yield. The 9 = theory is probably strongly coupled and difficult to understand. Since 
this description does differ from the soluble orbifold by a marginal deformation (albeit one 
that violates the six-dimensional Lorentz invariance) it is plausible that it could be used 



as the basis for a counting of BPS states roughly along lines guessed in ||38|| . However, all 
this discussion depended upon assuming that the n = k = 1 theory has a quantum Higgs 
vacuum. 

Extension To k > 1 

We will now discuss the interactions in the case of k parallel fivebranes with k > 1. In 
this case, less precise statements can be made, but at least we do not need any doubtful 
assumptions about existence of a quantum Higgs branch. 

To analyze this case, we must understand the Higgs branch of the U{n) theory with 
k hypermultiplets in the fundamental representation. In other words, we must understand 
the conformal field theory of the Higgs branch M.n,k- A partial answer is provided by 
the result explained in section 3.2 that M.n,k is birational to a symmetric product of n 
copies of M-i^k- However, this result was not accompanied by a useful description of the 
birational transformation involved. (Somewhat more detail can be found in [^^.) Ideally, 
one would like to understand the U{n) theory with k extra hypermultiplets as a marginal 
deformation of an orbifold of n copies of a U{1) theory with k charged hypermultiplets 
(and a free hypermultiplet, corresponding to the adjoint representation of U{1)). This 
would be a more far-reaching version of the relationship between the moduli spaces Ain,k 
and Aii^k- It is not at all clear, however, that such a description should be expected. 

What could one learn from such a description, if it does exist? There are many 
indications [4^42,12,43,44] that duality and dynamics of four-dimensional gauge theories 



can be profitably derived from six dimensions. In particular, a large k expansion of the 
fivebrane theory might well lead in time to a l//c expansion of SU{k) gauge theory in four 
dimensions, perhaps ultimately shedding great light on QCD. The relation of the moduli 
space J^n,k to a symmetric product of n copies of Aii^k is a hint that such an expansion 
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may exist; for A4i^k is the Higgs branch of a theory with k charged hypermultiplets) 

that does have a l//c expansion, as was emphasized in section 2. 



Compactification On 

In [|l4|, the compactification of the four transverse dimensions of the fivebrane on a 
four-torus was considered. It was proposed that in this case, the matrix string theory of 
k fivebranes is a sigma model whose target space is the moduh space of instanton number 
n solutions of U{k) Yang-Mills theory on T**. It is actually true []45| , |4^ that, at least 
with some restrictions on the flat metric on the and the Chern classes of the instanton 
bundle, this moduli space is a blowup of an orbifold which is a symmetric product S^'^T^. 



The idea in [|14[ is that interactions would be generated by the blowup (and perhaps also, 
in view of what has been said above, by a shift in the theta angle of the orbifold). While 
this proposal is perhaps plausible, it would be beyond the scope of the present paper to 
analyze it, since the logic of our discussion limits us to fivebranes on a transverse R"*. In 
fact, the experience in the matrix model is that compactification brings many surprises, 
though perhaps in the case of fivebranes these do not affect the relationship between the 
light cone sigma model and the instanton moduli space. 

Note that there does not appear to be a known birational relation of the moduli space 
of n U{k) instantons on to a symmetric product of nk copies of R"*.! Such a relation, at 
any rate, could apparently not commute with the action on the instanton moduli space of 
the global symmetry group SU{k). This group acts because (as explained in the footnote 
in section 3.2) in defining the instanton moduli space, we consider two instantons to be 
gauge-equivalent only if they are equivalent by a gauge transformation that is the identity 
at infinity. After dividing by this equivalence, one has a global action of the U{k) gauge 
transformations at infinity on the instanton moduli space. By contrast, the group U{k) 
does not act in any evident fashion on the symmetric product S^^Ti^. 

There is no obvious and useful relation between instanton moduli spaces on and 
on R^. They differ because on one has Wilson lines that have no analog on R^, 



Though not obviously relevant to proposals about fivebrane interactions, a birational relation 
of Mn,k to a symmetric product of n copies of R'*'^ can be deduced using the description in section 
3.2. This is a consequence of the fact that M.n,k is birational to a symmetric product of n copies 
of Mi,k, and M.i,k is birational to C^*^. The latter statement can be proved by using the C* 
action to set one of the Aa, say A\, to 1, and then using the equation ^ AaBa = to eliminate 
Bi, leaving u,v and the other ^'s and B^s to generically parametrize Mi^k- 
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and because in defining instanton modufi space on R^, one divides only by those gauge 
transformations that equal the identity at infinity, a condition that has no analog on T^. 
A linear sigma model whose Higgs branch is a rough analog of instanton moduli space on 
would be a C/(n) x U{k) gauge theory with hypermultiplets consisting of a copy of the 
adjoint representation of each of the two factors together with an (n, k) hypermultiplet. 

I would like to thank R. Dijkgraaf, M. Douglas, D. Freed, N. Seiberg, S. Sethi, E. Ver- 
linde, H. Verlinde, and S. Wadia for discussions and to thank the University of Amsterdam 
and the organizers of Strings '97 for their hospitality. 
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